The emergence of superdiffusive spin dynamics in integrable classical and quantum magnets is well established by now, but there is no generally valid theoretical explanation for this phenomenon. A fundamental difficulty is that the hydrodynamic fluctuations of conserved quasiparticle modes are purely diffusive. We propose a "hydrodynamic Higgs mechanism" in isotropic integrable magnets, which generates soft gauge modes that are decoupled from the quasiparticle sector. We show that the coarse-grained time evolution of these modes lies in the Kardar-Parisi-Zhang universality class of dynamics.
Introduction. The evolution of chaotic, many-particle systems on long length and time scales is described by hydrodynamics, which gives rise to universal behaviours that are largely independent of microscopic details and determined by a small number of local conservation laws. In low dimensions, the classification of such universal behaviours is complicated by the possibility of anomalous transport, characterized by divergent linear-response coefficients 1 . These difficulties are most pronounced in one dimension, where perturbative techniques break down entirely. Despite such obstacles, the past decade has seen substantial progress in the hydrodynamics of classical, chaotic, one-dimensional systems, through the application of techniques from stochastic field theory within the framework of nonlinear fluctuating hydrodynamics [2] [3] [4] [5] .
Another unusual feature of hydrodynamics in one dimension is the existence of integrable many-body systems, such as the classical Toda anharmonic chain and the quantum spin-1/2 Heisenberg magnet. Such systems possess extensive families of local conservation laws, that prevent them from thermalizing in the conventional sense 6, 7 and place them beyond standard hydrodynamic techniques. Although the kinetic theory of certain classically integrable many-body systems, such as soliton gases, has been known for some time [8] [9] [10] [11] , a unified theory of the hydrodynamics of integrable systems, both quantum and classical, was only achieved recently [12] [13] [14] . The resulting generalized hydrodynamics of integrable systems has been thoroughly verified through numerical simulation of a wide range of quantum and classical systems, and in a cold-atom realization of the Lieb-Liniger gas (see e.g. [15] and references therein).
One numerically observed phenomenon whose explanation has remained beyond both of these theoretical advances is the emergence of Kardar-Parisi-Zhang (KPZ) universality in the dynamics of classical and quantum integrable systems with isotropic rotational symmetry [16] [17] [18] [19] [20] [21] [22] . The essential theoretical difficulty is that when the methods of nonlinear fluctuating hydrodynamics are applied to the evolution of quasiparticle modes, as described by generalized hydrodynamics, they predict purely diffusive fluctuations 20, 23 . While for the spin-1/2 Heisenberg model, it is possible to explain the emergence of a z = 3/2 dynamical exponent self-consistently within generalized hydrodynamics 24 , and semiclassical arguments have been put forward for KPZ scaling in low-temperature quantum antiferromagnets 20 , neither of these explanations has sufficient scope to address the apparently universal origin of KPZ scaling in isotropic integrable magnets 21, 22 .
This paper points out a generic mechanism for the emergence of such physics; the key observation is that for isotropic, integrable systems, the generalized hydrodynamics of infinitely many conservation laws is not equivalent to the Bethe-Boltzmann equation describing the propagation of quasiparticle modes. The longwavelength dynamics of the two spin degrees of freedom perpendicular to the local magnetization can decouple from the quasiparticle modes, via a process we call the "hydrodynamic Higgs mechanism", and it is the noisy dynamics of these degrees of freedom that gives rise to the observed Kardar-Parisi-Zhang scaling.
The paper is laid out as follows. We first derive the result that fluctuations of quasiparticle mode occupancies scale diffusively. This fact appears to be known 20,23 , although its derivation has not been published, and since it is essential for our argument we derive it below. We next discuss the treatment of magnetization in thermodynamic Bethe ansatz, and show that at the level of hydrodynamics, it allows for long-wavelength gauge modes that evolve according to the Landau-Lifshitz equation. We then demonstrate that the coarse-grained Landau-Lifshitz dynamics yields a conserved torsional degree of freedom, that evolves in time as the derivative of a Kardar-Parisi-Zhang height function, providing the first generic mechanism that explains the numerical findings in previous works. We also propose some signatures of this torsional degree of freedom that could be tested in quantum or classical numerical simulations. In the final discussion, we explain why the hydrodynamic Higgs mechanism giving rise to soft gauge modes requires both integrability and isotropy to be robust at long times, as indicated by very recent numerical results 21, 22 .
Nonlinear fluctuating hydrodynamics of quasiparticle modes. We first show that within the generalized hydrodynamics of integrable systems, fluctuations of quasiparticle modes with pseudomomentum k all have a diffusive dynamical exponent, z k = 2, following the method of nonlinear fluctuating hydrodynamics reviewed in Ref. [3] . Our starting point is the Bethe-Boltzmann equation for the evolution of quasiparticle mode occupancies in integrable systems 12, 13 ,
Here, ρ k is the density of occupied states, v k [ρ] is the quasiparticle velocity, and we shall take ρ t k and θ k to denote the total density of states and Fermi factor respectively (We suppress a possible quasiparticle flavour index for economy of notation.) Linearizing about an equilibrium configuration ρ eq k yields
where the linearized velocity operator iŝ
(Here K denotes the differential phase shift andÔ denotes the operator corresponding to the integral kernel O kk ′ .) We next consider the equilibrium correlation matrix C kk ′ = δρ k δρ k ′ ρ eq . By thermodynamic stability, this vanishes for an infinite system. The natural length scale to choose here is the hydrodynamic coarse-graining length l, which yields 25
The sum ruleÂĈ =ĈÂ T is immediate 23 . Introducing noise and an associated dissipative term, we have
with ζ k a white noise with zero mean and unit variance,
] with respect to the evolution Eq. (5) imposes the fluctuation-dissipation relationDĈ +ĈD T =BB T . We note that there is no general way to specifyD andB independently 3 . One might ask how to interpret this ambiguity, in view of recent analytical predictions for the diffusion kernelD from generalized hydrodynamics [26] [27] [28] . On this point, we remark that the mathematical derivation of the diffusion kernel in the classical hard rod gas assumes instantaneous molecular chaos. Whether or not this assumption holds in practice depends on the microscopic details of the system in question, in particular the presence of sufficient noise below the hydrodynamic length scale. This was demonstrated explicitly in the first numerical test of the diffusion kernel formula for the classical hard rod gas 29, 30 , where it was found that the diffusive term has more or less predictive power depending on the strength of the microscopic thermalization mechanism 31 . Thus we should expect thatB = 0 for realistic systems and by the fluctuation-dissipation relation, the recent analytical results correspond to an infinite-size limit, in which the hydrodynamic coarse-graining length l → ∞. This observation is important for the present discussion because restoring a finite hydrodynamic coarse-graining length regulates the divergence of the spin diffusion constant in the isotropic spin-1/2 Heisenberg chain 32 ; strings of length n > l are a priori excluded from the description of local equilibrium states (essentially the same observation can be used to explain the emergence of a z = 3/2 dynamical exponent 24 .) In particular, this implies that for the isotropic chain, the component of spin transport captured by the Bethe-Boltzmann equation can be regarded as having a finite diffusion constant at the level of fluctuating hydrodynamics, and does not need to be treated separately.
We now address the quadratic corrections to Eq. (5), which by renormalization group arguments, determine the dynamical exponent of fluctuations of quasiparticle modes 3, 5 . For brevity, we first change variables to normal modes,
LettingD ′ =RDR −1 ,B ′ =RB and expanding the quasiparticle velocity, the leading nonlinear evolution is found to be
The dynamical universality class of fluctuations in Eq. (7) is dictated by the diagonal elements G k k ′ k ′ of the Hessian. It is easily verified that G k k ′ k ′ = 0, implying 5 a dynamical exponent z k = 2 for fluctuations about every quasiparticle mode φ k . Since the structure of the velocity derivatives leading to this result is essentially fixed by the semi-Hamiltonian geometry of Eq. (1) (for example, the Christoffel symbols determine the dressed kernel), we expect purely diffusive fluctuations to be a generic property of the integrable kinetic equations of this type 33, 34 .
We emphasize that our derivation is "mesoscopic", in the sense that it fixes a particular coarse-graining length scale, l, and therefore excludes the recently discovered anomalous transport phenomena in the quantum spin-1/2 XXZ chain 35, 36 , that emerge from linear fluctuating hydrodynamics in the limit of infinite coarse-graining length, l → ∞.
Gauge modes in the hydrodynamics of isotropic integrable systems. Given that nonlinear fluctuating hydrodynamics predicts purely diffusive fluctuations, the numerical discovery of Kardar-Parisi-Zhang universality in isotropic integrable systems appears puzzling. The resolution to this paradox is as follows: the Bethe-Boltzmann equation, Eq. (1), is inequivalent to the generalized hydrodynamics of infinitely many conservation laws. In particular, it is a scalar equation and contains limited information about the local direction of the magnetization. This fact was previously noted in the gapped phase of the spin-1/2 XXZ model 37 , but its implications at the isotropic point have not been addressed.
To clarify this issue, let us consider the spin-1/2 Heisenberg Hamiltonian
In the absence of an applied magnetic field, h = 0, Bethe's solution to this model 38 exhibits an SU (2) gauge symmetry, due to the arbitrariness in the direction of the Bethe pseudovacuum, Ω ∈ S 2 (henceforth we neglect the U (1) phase degree of freedom). This gauge symmetry extends to the thermodynamic Bethe ansatz (TBA) equations for the model. By contrast, when a magnetic field h = 0 is applied, the rotational symmetry is broken and only pseudovacuum directions Ω h parallel or antiparallel to the applied field give rise to a set of Bethe eigenstates. For thermal states with applied magnetization h, thermodynamic Bethe ansatz predicts a thermal expectation value
for the spin (here, ρ n k denotes the density of occupied string modes with length n and pseudomomentum k).
The crucial point is that on a hydrodynamic cell Γ i with local, instantaneous magnetization h i , a full specification of the thermal state includes both the root densities, {ρ n k } i and the pseudovacuum vector Ω i = h i / h i . The dynamics of the root densities is captured by the Bethe-Boltzmann equation, while the dynamics of the pseudovacuum is not.
The consequences of this simple observation are quite surprising. For example, it implies the existence of hydrodynamic states with slow spin dynamics and no quasiparticle dynamics. Consider a spin-1/2 Heisenberg chain, that has been coarse grained into hydrodynamic cells Γ i of length l. A perfectly admissible class of hydrodynamic states in this system have constant quasiparticle occupation numbers, {ρ n k } i = {ρ n k }, yielding a constant absolute value of spin S = 1 2 − ∞ n=1 ∞ −∞ dk nρ n k > 0, and a local pseudovacuum Ω i that varies slowly with i, on a length scale l Ω ≫ l. Such states exhibit no time dynamics in the quasiparticle sector, which is encoded by the Bethe-Boltzmann equation Eq. (1). Meanwhile, slow modulations of the pseudovacuum are mean-field states by definition, whose long-wavelength, Hamiltonian dynamics satisfies the Landau-Lifshitz equation
where λ = J/2. By separation of scales, the microscopic quasiparticle degrees of freedom couple to Ω as a local bath. This class of hydrodynamic states includes the tunable z-polarized domain walls ρ ∝ (1 + µσ z ) N/2 ⊗ (1 − µσ z ) N/2 that have frequently been considered in the literature 12, 18, [39] [40] [41] [42] [43] [44] [45] . In the continuum limit N → ∞, the hydrodynamic state is determined as above, leading to a uniform initial condition for the quasiparticle mode occupancies and a domain wall initial condition for the pseudovacuum gauge field. From our perspective, the observed qualitative and quantitative similarities between the time-evolution of fully polarized domain walls in the isotropic spin-1/2 Heisenberg and Landau-Lifshitz models 44, 45 , constitute a test of the mean-field equation of motion, Eq. (11), at zero temperature.
These long-wavelength modes have the physical interpretation of "soft gauge modes" of hydrodynamics; they arise due to a redundancy in the specification of thermal states by scalar observables and transport negligible energy on the scale of the microscopic dynamics. We expect precisely the same modes to arise for isotropic classically integrable magnets, since all local conserved charges generated by the transfer matrix approach are scalar 46 .
For generic hydrodynamic initial conditions, i.e. those with a non-uniform scalar magnetization | S(x, t) | = S(x, t), the emergence of soft gauge modes is contingent on a separation of scales. For example, if the length scale of variation l Ω of the local magnetization is comparable to the coarse-graining length scale l in the Bethe-Boltzmann equation (which finite-time, finitetemperature numerical simulations 47 suggest is of the order of the lattice scale), then neglecting the transverse components of spin is fully consistent with the assumption of local equilibrium. If, however, there is a separation of scales l Ω ≫ l, as in our idealized example above, then the transverse spin modes decouple from the quasiparticle hydrodynamics while the longitudinal spin mode remains coupled to the quasiparticle sector. This is a hydrodynamic Higgs mechanism: symmetry breaking at short length scales generates soft, transverse modes at long length scales.
We shall now argue that the coarse-grained dynamics of these soft modes gives rise to the KPZ universality observed in integrable magnets. The decoupling of these modes from the quasiparticle sector already explains a puzzling feature of this KPZ physics that was noted in the literature, namely its insensitivity to energy conservation 19 . In our model, the soft gauge modes are a priori decoupled from the transport of scalar observables such as energy.
Coarse-grained dynamics of soft gauge modes. Let us consider the effect of coupling the Landau-Lifshitz equation to a local bath. Despite integrability of Eq. (11) as written, the coarse-grained evolution it describes is not integrable, because lattice corrections to the effective description are "dangerously irrelevant" and alter the university class of the dynamics 48 . (Precisely the same relation holds between the continuum Gross-Pitaevskii equation and its discretization 49 .)
Obtaining the conserved modes of the Landau-Lifshitz evolution in a gauge-invariant manner is subtle, and standard parameterizations of the spin direction Ω are ineffective. An elegant solution is to regard Ω as the tangent vector of a space curve, with arc-length parameterized by position 45, 50 . Then the two gauge-invariant conserved modes are found to be energy density E = κ 2 /2 and torsion τ (geometrically, κ and τ denote the curvature and torsion in the Frenet-Serret frame of the curve traced out by Ω). Discarding a dispersive term, this yields the coupled system of conservation laws
By assumption, E is parametrically suppressed compared to τ , since E ∼ τ /l Ω (this is equivalent to Ω being a soft mode). Thus we can neglect the evolution of E, and the coarse-grained time evolution of the residual torsional mode satisfies the stochastic Burgers equation
where ζ τ is a zero-mean white noise with 2λ. Since in our parameterization 51 , the local magnetization µ ∼ τ for µ ≪ 1, the emergence of KPZ scaling in isotropic one-dimensional magnets is explained.
We note that λ will generically be renormalized from its bare value in the approximations leading to Eq. (14), and predicting its precise value in specific models is beyond the scope of this work. Nevertheless, for both the quantum spin-1/2 Heisenberg chain and the classical Faddeev-Takhtajan model, our treatment of the pseudovacuum dynamics yields the coupling strength λ/J = 0.5, well within the expected margin of error 3 of the numerically observed values 20, 21 , λ/J ≈ 0.65 and λ/J ≈ 0.68 respectively.
One novel prediction from our model, that might be tested numerically in quantum or classical integrable models, is the following: for time-evolution from weak domain walls 18 with magnetization below the noise scale 0 < µ < (σ/J) 1/2 and orientation differing by an angle ϕ, the amplitude of the superdiffusive torsional mode will vary as A ∼ | sin (ϕ/2)|. Our model also predicts a crossover to a regime (σ/J) 1/2 < µ ≪ 1 in which the torsional mode becomes ballistic, with a propagation speed varying linearly in the initial magnetization, as v ball ∼ µ. This result was obtained from generalized hydrodynamics in the spin-1/2 Heisenberg chain 35 ; here we argue that the same phenomenon will arise in all quantum and classical integrable magnets with isotropic rotational symmetry. Indeed, this may explain the slow ballistic modes observed in very recent classical simulations 22 .
Discussion. We have shown that a redundancy of description in the thermal states of isotropic integrable models, corresponding to the direction of the magnetization vector, gives rise to soft gauge modes at the level of hydrodynamics, which are decoupled from the quasiparticle sector and provide a channel for superdiffusive spin transport. We have further demonstrated that the dynamics of these modes reduces to a propagating torsional degree of freedom, whose coarsed-grained timeevolution is described by the stochastic Burgers equation, explaining the numerical observation of KPZ scaling in such models [16] [17] [18] [19] [20] [21] [22] .
We now discuss why our theory implies that both integrability and symmetry are necessary to give rise to KPZ universality, in agreement with the most recent numerical findings 21, 22 . First, consider integrable systems. The vanishing Hessian in the nonlinear fluctuating hydrodynamics of quasiparticle modes indicates that without the presence of soft gauge modes, corrections to ballistic dynamics will generically be diffusive 20, 23 . Thus among integrable many-particle systems, we expect that only those with a continuous symmetry of their thermal states, as specified by scalar observables, can exhibit KPZ physics. This class certainly includes isotropic integrable magnets. To generate a freely propagating gauge mode, it additionally appears that two continuous degrees of freedom are required; for example, in the Lieb-Liniger Bose gas, whose quantum fields possess a U (1) phase symmetry, mean-field phase dynamics is coupled to mean-field density dynamics.
Next, we consider non-integrable, isotropic systems. Generically, these will have four hydrodynamic modes, the energy E and the three components of average spin, S (note that | S | = |S| on a fluid cell). One might argue that a separation of scales l Ω ≫ l gives rise to a hydrodynamic Higgs mechanism in this case also, leading to a decoupling of the spin direction Ω = S /S from the scalar hydrodynamic degrees of freedom. In fact, the efficacy of the hydrodynamic Higgs mechanism depends on the degree of scrambling at the coarsegraining length scale, l. For non-integrable systems, there are two fluctuating hydrodynamic modes in a given fluid cell, i.e. the two conserved scalar modes {S, E}, while for integrable systems, there is an extensive family {S, E, Q 2 , . . . , Q n } n∼l of such hydrodynamic modes, all of which fluctuate diffusively. Thus at the level of fluctuating hydrodynamics, the scalar part of spin is coupled to a noisy reservoir whose variance σ 2 scales with l as σ ∼ l −1/2 in the non-integrable case, but as σ ∼ l 0 in the integrable case. It follows that in the infinite-size limit l → ∞ (or equivalently, at asymptotically long times) the hydrodynamic Higgs mechanism is only robust for integrable systems. This explains the observation of superdiffusive scaling of spin autocorrelation functions in isotropic, non-integrable magnets at short times 20 , and also indicates why it should cross over to the nonlinear fluctuating hydrodynamics prediction of diffusive scaling at long times 21, 52, 53 .
Our discussion illustrates that the observation of KPZ physics in quantum integrable systems is essentially a classical phenomenon. We emphasize that unlike lowtemperature quantum systems, for which a semiclassical limit must be taken before a classical description becomes appropriate, the classical degrees of freedom giving rise to KPZ scaling in quantum integrable models arise because of the local equilibrium assumption: taking thermal averages over fluid cells gives rise to classical degrees of freedom at the level of observables. One important question for future work is understanding whether the nonlinear torsional modes that we identify are captured by TBA. Presumably, they are encoded by asymptotically large quasiparticles 24, 32 , but the physically correct limiting procedure is not clear. Recent analytical results on current operators in integrable, finite, spin chains 54, 55 might help to resolve this issue.
To summarize, our arguments explain a diverse set of numerical observations in one-dimensional quantum and classical magnets that were previously beyond theoretical techniques. They illustrate how Kardar-Parisi-Zhang scaling can emerge in isotropic integrable magnets based only on symmetry principles and model-independent features of the thermodynamics, providing a theoretical framework that is broad enough to encompass the seemingly universal nature of this phenomenon. An intriguing feature of our analysis is the hydrodynamic Higgs mechanism, that requires sufficient noise to be stabilised at long times, and we wonder whether a similar process could occur in other physical systems.
